MATH2060 TUT0S

9. If f € Rla, b] and if (Pn) is any sequence of tagged partitidns of a, b] such that ||P,|| — 0,
prove that f:f = lim, S(f; Pa).
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13. Suppose that ¢ < d are points in [a, b]. If ¢ : [a, b] — R satisfies (p( ) =a >0 forx € ¢, d]
and ¢(x) = 0 elsewhere in [a, b], prove that ¢ € R[a, b] and that f ¢ = a(d — ¢). [Hint: Given
¢ >0 let 8, := ¢/4a and show that if ||P|| < §, then we have a(d — ¢ —25,) < S(g; 77)

a(d - c+25)]
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5. LetP:= {(I;, ;) }_, be a tagged partition of [a, b] and let ¢; < ¢,. )
(a) If u belongs to a subinterval I; whose tag satisfies ¢; < #; < ¢, showthat ¢; — ||P|| < u <

Kaca” . o+ [P

(b) If v € [a, b] and satisfies ¢; + ||P|| < v < ¢, — ||P||, then the tag #; of any subinterval /;
that contains v satisfies #; € [c;, ¢;].
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14. Let0 < a < b,let Q(x) := x? for x € [a, b] and let P := {[x;_1, x;]}_, be a partition of [a, b].
For each i, let g, be the positive square root of
L(xF + xixiog +x7 ).

(a) Show that ¢g; satisfies 0 < x;_1 < ¢q; < x;.

(b) Show that O(g;)(xi — xi-1) = % (x,3 — x,{l).

(c) If Q is the tagged partition with the same subintervals as P and the tags g;, show that
(0 Q) =5 (b" - ).

(d) Use the argument in Example 7.1.4(c) to show that Q € R[a, b] and

/ / Pdx =1 (b - @)
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1. Letf:[a,b] — R. Show that f ¢ Rla, b] if and only if there exists &y > 0 such that for every
n € N there exist tagged partitions P, and Q, with ||P,[| < 1/n and ||Q,[| < 1/n such that [ )
[S(f: Pn) = S(f: Qn)| > 0.
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Let a function f: [0, 5] — R be defined by
E X& MP‘Q

2

f(x) = {cos r, xe[0,5]NQ

0, else.

Is this function Riemann integrable?
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